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ON HOMOTOPY ASPECTS AND CABLINGS OF VIRTUAL PURE
BRAID GROUPS
VALERIY G. BARDAKOV, ROMAN MIKHAILOV, AND JIE WU
Abstract. This is an announcement on the main results in [4, 5]. By exploring
simplicial structure of pure virtual braid groups, we give new connections between
the homotopy groups of the 3-sphere and the virtual braid groups that lead appli-
cations to the theory of Brunnian virtual braids [4]. In [5], we prove that the group
structure of V Pn with n ≥ 5 is determined by V P3, V P4 and virtual cablings given
by iterated degeneracy operations on the generators and defining relations.
1. Introduction
This is an announcement on the main results in [4, 5] for exploring the homotopy
aspects and the cablings of pure virtual braid groups with applications to the theory
of Brunnian virtual braids. We outline the main statements in this article. The
detailed exploration will be given in [4, 5].
2. The homotopy aspects of virtual braid groups
The exploration on simplicial structure on braids, links and mapping classes have
been to lead some fundamental connections with homotopy groups [6, 8, 15, 24].
These connections enrich the meanings of homotopy groups in the content of the ob-
jects from low dimensional topology. In particular, it gives a description of elements
in homotopy groups of the 2-sphere in terms of Brunnian braids [6] with a general-
ization on higher dimensional spheres in [24]. The purpose of this article is to explore
the simplicial structure on virtual braids. The basic ideas follow the approach intro-
duced by F. Cohen and the third author [10] on the classical braids briefly reviewed
as follows.
The notion of simplicial set is a generalization of simplicial complex. A precise
definition of simplicial set is as follows. A sequence of sets X∗ = {Xn}n≥0 is called a
simplicial set if there are face maps:
di : Xn −→ Xn−1 for 0 ≤ i ≤ n
and degeneracy maps
si : Xn −→ Xn+1 for 0 ≤ i ≤ n,
that are satisfy the following simplicial identities:
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(1). didj = dj−1di if i < j,
(2). sisj = sj+1si if i ≤ j,
(3). disj = sj−1di if i < j,
(4). djsj = id = dj+1sj,
(5). disj = sjdi−1 if i > j + 1.
Here Xn can be geometrically viewed as the set of n-simplices including all possible
degenerate simplices. For instance, a vertex v can be viewed as a degenerate 1-simplex
in the form of [vv]. An advantage of the notion of simplicial set is that one can do
homotopy theory using this notion. A pointed simplicial set is a simplicial set X∗ with
a fixed choice of basepoint. In other words, we have a fixed basepoint ∗ ∈ X0 that
creates one and only one degenerate n-simplex in Xn by applying iterated degeneracy
operations on it. A simplicial group is a group object in the category of simplicial
sets, namely a simplicial group is a simplicial set X∗ such that each Xn is a group
and all face and degeneracy operations are group homomorphisms. Milnor’s F [K]
construction [25] is the adjoint functor to the forgetful functor from the category
of simplicial groups to the category of pointed simplicial sets. For a given pointed
simplicial set X∗, the group F [X∗]n is the free group generated by Xn, the set of
n-simplices, modulo the single relation that the basepoint equals to 1. The geometric
realization of F [X∗] is homotopy equivalent to ΩΣ|X∗|, the loop suspension of the
geometric realization of X∗ ((Note. In Milnor’s paper [25], X∗ is required to be a
reduced simplicial set. This result actually holds for any pointed simplicial set by a
more general result [28, Theorem 4.9].))
Now we review the construction in [10]. Let Pn+1 be the group of the (n+1)-strand
Artin pure braids with their strands labeled from 0 to n. Consider the sequence
of Artin pure braid groups AP∗ = {APn}n≥0 with APn = Pn+1. The simplicial
structure on AP∗ is given in such a way that the face operation di : APn → APn−1
is given by deleting i-th strand, and the degeneracy operation si : APn → APn+1
is given by doubling i-th strand. (Note. In this system, the 0-th strand refers to
the first strand.) Observe that AP0 = P1 is the trivial group, and AP1 = P2 = Z
generated by A1,2. Consider A1,2 ∈ AP1 as a 1-simplex in the simplicial group AP∗.
Since d0A1,2 = d1A1,2 = 1, there is a unique simplicial map fA1,2 : S
1 −→ AP∗ such
that f∗((0, 1)) = A1,2. Here S
1 is the simplicial 1-sphere with the non-degenerate
1-simplex (0, 1). By using the universal property of Milnor’s F [K]-construction, the
simplicial map fA1,2 extends uniquely to a simplicial homomorphism
Θ: F [S1] −→ AP∗
with the image of Θ is the smallest simplicial subgroup of AP∗ containing A1,2. It was
proved in [10] that Θ is injective, and so the simplicial group F [S1] embeds into AP∗
via Θ. Since the geometric realization of F [S1] is homotopy equivalent to the loop
space ΩS2, the above representation describes pin(S
2) as a quotient of a subgroup of
Pn.
Let V Pn+1 denote the virtual pure braid group on n + 1 strands labeled from 0
to n, where V P1 = {1}. Let VAPn = V Pn+1 for n ≥ 0. Along the methodology of
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deleting-cabling strands as in [10], we obtain a simplicial group
VAP∗ : . . .
−→. . .
−→←−. . .
←−
V P4
−→−−→−←−←−−
V P3
−→−→−←−←−
V P2
−→−←− V P1
with face and degeneracy homomorphisms
di : VAPn = V Pn+1 → VAPn−1 = V Pn, i = 0, . . . n,
si : VAPn = V Pn+1 → VAPn+1 = V Pn+2, i = 0, . . . , n.
Note that the vertex group VAP0 = V P1 is trivial. The first nontrivial group in V P∗
is V P2, which is a free group of rank 2 with standard generators λ1,2 and λ2,1. (The
standard presentation of V Pn will be reviewed in subsection 3.1.) There is a (unique)
simplicial map
f(λ1,2,λ2,1) : S
1 ∨ S1 −→ VAP∗
such that f(λ1,2,λ2,1)((0, 1)1) = λ1,2 and f(λ1,2,λ2,1)((0, 1)2) = λ2,1, which induces a
simplicial homomorphism
Θ˜V : F [S
1 ∨ S1] −→ VAP∗. (2.1)
Here (0, 1)1 and (0, 1)2 are the non-degenerate 1-simplices of the first copy and the
second of S1 in the wedge S1∨S1, respectively. Let T∗ = Θ˜V (F [S
1∨S1]) be the image
of Θ˜V . Then T∗ is the smallest simplicial subgroup of VAP∗ containing λ1,2, λ2,1 with
Θ˜V : F [S
1 ∨ S1]n −→ Tn ≤ VAPn = V Pn+1
an isomorphism for n ≤ 1. Different from the case on classical braids, the simplicial
homomorphism Θ˜V is not injective with its first non-trivial kernel occurring in the
case n = 2. For determining the homotopy type of T∗, we need more detailed technical
information. Observe that, for n ≥ 2, F [S1∨S1]n is the free group of rank 2n having
a basis given by the non-base-point n-simplices of S1 ∨ S1 in the degenerate form of
sn−1sn−2 · · · sksˆk−1sk−2 · · · s0(0, 1)1, sn−1sn−2 · · · sksˆk−1sk−2 · · · s0(0, 1)2
with 1 ≤ k ≤ n, where sˆk−1 means that the degenerate operation sk−1 is omitted.
Let
ak,n+1−k = Θ˜V (sn−1sn−2 · · · sksˆk−1sk−2 · · · s0(0, 1)1)
= sn−1sn−2 · · · sksˆk−1sk−2 · · · s0λ1,2,
(2.2)
bk,n+1−k = Θ˜V (sn−1sn−2 · · · sksˆk−1sk−2 · · · s0(0, 1)2)
= sn−1sn−2 · · · sksˆk−1sk−2 · · · s0λ2,1
(2.3)
be the elements in V Pn+1 for 1 ≤ k ≤ n.
Lemma 2.1. [4] In group V Pn+1, the following commuting rules hold:
ak,n+1−kal,n+1−l = al,n+1−lak,n+1−k and bk,n+1−kbl,n+1−l = bl,n+1−lbk,n+1−k
for 1 ≤ k, l ≤ n.
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By this lemma, the simplicial homomorphism Θ˜V factors through the free product
K(Z, 1)∗K(Z, 1) as the simplicial quotient group of F [S1∨S1], whereK(Z, 1) = F [S1]
is the abelianization of F [S1]. Let
ΘV : K(Z, 1) ∗K(Z, 1) ✲✲ T∗ ≤ VAP∗ (2.4)
be the resulting simplicial homomorphism. Unfortunately the simplicial homomor-
phism ΘV is still not injective. However we can determine the homotopy type of the
kernel of ΘV by the following key lemma.
Lemma 2.2. [4] Let K∗ be the kernel of the simplicial epimorphism ΘV : K(Z, 1) ∗
K(Z, 1)։ T∗. Then K∗ is contractible.
As a consequence of this key lemma, the simplicial epimorphism
ΘV : K(Z, 1) ∗K(Z, 1)։ T∗
is a homotopy equivalence from the long exact sequence of homotopy groups on fibra-
tions with using the fact that any simplicial epimorphism between simplicial groups
is a fibration. Recall that the classifying space of the free product G ∗H of simplicial
groups G and H is homotopy equivalent to the wedge of the classifying spaces of G
and H by the Whitehead theorem [27, Theorem 5] with the formal statement given
in [14, Proposition 4.3]. Since the classifying space K(Z, 1) is K(Z, 2) ≃ CP∞, the
geometric realization of K(Z, 1)∗K(Z, 1) is homotopy equivalent to Ω(CP∞∨CP∞).
From a generalization of the Hilton-Milnor Theorem given by B. Gray [11], there is
a homotopy decomposition
Ω(CP∞ ∨ CP∞) ≃ S1 × S1 × ΩS3.
Before we give the following main result of the present paper, let us recall the def-
inition of Moore homotopy group. Let G∗ be a simplicial group. The Moore cycles
Zn(G∗) ≤ Gn is defined by
Zn(G∗) =
n⋂
i=0
Ker(di : Gn → Gn−1)
and the Moore boundaries Bn(G∗) ≤ Gn is defined by
Bn(G∗) = d0
(
n+1⋂
i=1
Ker(di : Gn+1 → Gn)
)
.
Simplicial identities guarantees that Bn(G∗) is a (normal) subgroup of Zn(G∗). The
Moore homotopy group pin(G∗) is defined by
pin(G∗) = Zn(G∗)/Bn(G∗).
It is a classical result due to J. C. Moore [26] that pin(G∗) is isomorphic to the n-th
homotopy group of the geometric realization of G∗.
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Theorem 2.3. [4] The geometric realization of the simplicial group T∗ is homotopy
equivalent to the loop space
Ω(CP∞ ∨ CP∞) ≃ S1 × S1 × ΩS3.
In particular, the Moore homotopy group
pin(T∗) ∼= pin(ΩS
3) = pin+1(S
3)
for n ≥ 2. 
Intuitively the subgroup Tn−1 ≤ V Pn can be described as follows. An n-strand
virtual pure braid β is called cabled from 2-strand braid if there exists a 2-strand
virtual pure braid β ′ such that
β = sn−2sn−3 · · · sksˆk−1sk−2 · · · s0β
′
for some 1 ≤ k ≤ n. Namely β is obtained from a cabling operation on 2-strand
virtual braid. An illustrative picture on the cabling on classical 2-strand braids can
be found in [10]. The subgroup Tn−1 ≤ V Pn consists of the n-strand virtual pure
braids that can be written as a product of n-strand virtual pure braids cabled from
2-strand braids.
The canonical inclusion Pn ≤ V Pn induces a simplicial homomorphism φ : AP∗ →
V AP∗. Let Tˇ∗ = Θ(F [S
1]) ≤ AP∗ be the image of F [S
1] in AP∗. The restriction of
φ to Tˇ∗ gives a simplicial homomorphism
φ| : Tˇ∗ −→ T∗.
Theorem 2.4. [4] The simplicial homomorphism φ| : Tˇ∗ −→ T∗ induces an isomor-
phism of homotopy groups
φ|∗ : pin(Tˇ∗)
∼=
✲ pin(T∗)
for n ≥ 2. 
3. The cablings of virtual pure braid groups
Our motivation on exploring the cabling presentation of virtual pure braid groups
is to provide some fundamental information for proving Lemma 2.2, which is a key
lemma for proving Theorem 2.3. The main point here is that, for handling the
homotopy type of the simplicial group K∗ in Lemma 2.2, it is important to give a
new presentation virtual pure braid groups in terms of the cabling virtual pure braids
ak,l and bs,t given in formulae (2.2) and (2.3).
3.1. Virtual braid group. The virtual braid group V Bn is generated by elements
σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1,
where σ1, σ2, . . . , σn−1 generate the classical braid group Bn and the elements ρ1,
ρ2, . . ., ρn−1 generate the symmetric group Sn. Hence, V Bn is defined by relations of
Bn, relations of Sn and mixed relation:
σiρj = ρjσi, |i− j| > 1,
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ρiρi+1σi = σi+1ρiρi+1.
As for the classical braid groups there exists the canonical epimorphism of V Bn
onto the symmetric group V Bn ։ Sn with the kernel called the virtual pure braid
group V Pn. So we have a short exact sequence
1→ V Pn → V Bn → Sn → 1.
Define the following elements in V Pn:
λi,i+1 = ρi σ
−1
i , λi+1,i = ρi λi,i+1 ρi = σ
−1
i ρi, i = 1, 2, . . . , n− 1,
λij = ρj−1 ρj−2 . . . ρi+1 λi,i+1 ρi+1 . . . ρj−2 ρj−1,
λji = ρj−1 ρj−2 . . . ρi+1 λi+1,i ρi+1 . . . ρj−2 ρj−1, 1 ≤ i < j − 1 ≤ n− 1.
It is shown in [1] that the group V Pn (n ≥ 2) admits a presentation with the gener-
ators λij , 1 ≤ i 6= j ≤ n, and the following relations:
λijλkl = λklλij , (3.1)
λkiλkjλij = λijλkjλki, (3.2)
where distinct letters stand for distinct indices.
3.2. The cablings of virtual pure braid groups. By using the same ideas in the
work [6, 10] on the classical braids, we have a simplcial group
VAP∗ : . . .
−→. . .
−→←−. . .
←−
V P4
−→−−→−←−−←−
V P3
−→−→−←−−
V P2
−→−←− V P1
on pure virtual braid groups with VAPn = V Pn+1, the face homomorphism
di : VAPn = V Pn+1 −→ VAPn−1 = V Pn
given by deleting (i+ 1)th strand for 0 ≤ i ≤ n, and the degeneracy homomorphism
si : VAPn = V Pn+1 −→ VAPn+1 = V Pn+2
given by doubling the (i+ 1)th strand for 0 ≤ i ≤ n.
The following proposition is obtained from the geometric description, which can be
regarded as the formal definition. The proof of the following proposition is straight-
forward.
Proposition 3.1. The sequence of groups VAP∗ with VAPn = V Pn+1 for n ≥ 0 is a
simplicial group under the faces di : VAPn−1 = V Pn −→ VAPn−2 = V Pn−1, 0 ≤ i ≤
n−1, and degeneracies si : VAPn−1 = V Pn −→ VAPn = V Pn+1, 0 ≤ i ≤ n−1, given
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the group homomorphism with acting on the generators λk,l and λl,k, 1 ≤ k < l ≤ n,
of V Pn by the rules
si(λk,l) =


λk+1,l+1 for i < k − 1,
λk,l+1λk+1,l+1 for i = k − 1,
λk,l+1 for k − 1 < i < l − 1,
λ
λ1lλ2l...λk−1,l
k,l+1 λk,l for i = l − 1,
λk,l for i > l − 1,
si(λl,k) =


λl+1,k+1 for i < k − 1,
λl+1,k+1λl+1,k for i = k − 1,
λl+1,k for k − 1 < i < l − 1,
λl,k λ
λ−1
l1
λ−1
l2
...λ−1
l,k−1
l+1,k for i = l − 1,
λl,k for i > l − 1,
di(λk,l) =


λk−1,l−1 for 0 ≤ i < k − 1,
1 for i = k − 1,
λk,l−1 for k − 1 < i < l − 1,
1 for i = l,
λk,l for l − 1 < i ≤ n− 1,
di(λl,k) =


λk−1,l−1 for 0 ≤ i < k − 1,
1 for i = k − 1,
λl−1,k for k − 1 < i < l − 1,
1 for i = l − 1,
λl,k for l − 1 < i ≤ n− 1,
where yx = x−1yx. 
The simplicial subgroup T∗ has been defined in Section 2 as the image of Θ˜V in
equation (2.1). It is routine to see that the group Tn as a subgroup of V Pn+1 can be
constructed recursively as follows:
T0 = {1}, T1 = V P2, and Tn+1 = 〈s0(Tn), s1(Tn), . . . , sn(Tn)〉.
Let ak,l and bs,t be defined in equations (2.2) and (2.3), respectively. We can prove
the following formulae.
an−k,k =


λ1nλ2n . . . λn−1,n for k = 1,
λ1nλ2n . . . λn−k,nan−k,k−1 for 1 < k < n,
λ1na1,n−2 for k = n− 1,
(3.3)
bn−k,k =


λn,n−1λn,n−2 . . . λn1 for k = 1,
bn−k,k−1λn,n−kλn,n−k−1 . . . λn1 for 1 < k < n,
b1,n−2λn1 for k = n− 1,
(3.4)
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Moreover the generators λij can be written in terms of ak,l and bs,t as follows:
λkn =


a1,n−1 a
−1
1,n−2 for k = 1,
ak−1,n−k a
−1
k−1,n−k+1 ak,n−k a
−1
k,n−k−1 for 1 < k < n,
an−2,1 a
−1
n−2,2 an−1,1 for k = n− 1,
(3.5)
λnk =


b−11,n−2 b1,n−1 for k = 1,
b−1k,n−k−1 bk,n−k b
−1
k−1,n−k+1 bk−1,n−k for 1 < k < n,
bn−1,1 b
−1
n−2,2 bn−2,1 for k = n− 1,
(3.6)
From the above formulae, we have the following proposition.
Proposition 3.2. Consider V Pk as a subgroup of V Pk+1 by adding a trivial strand
in the end. Then
(1). The subgroup Tn−1 of V Pn, n ≥ 3, is generated by elements akl, bkl, k+l = n.
(2). The group V Pn = 〈T1, T2, . . . , Tn〉 generated by ak,l and bk,l for 2 ≤ k + l ≤
n, 1 ≤ k, l ≤ n− 1.
(3). V Pn+1 = 〈V Pn, s0V Pn, s1V Pn, . . . , sn−1V Pn〉 for n ≥ 2.
By this proposition V Pn admits a new generating system in terms of ak,l and bk,l,
which are intuitively given by cabling on 2-strand braid and adding trivial strands
to the end. Moreover, we have a presentation of V Pn in terms of ak,l and bs,t from
formulae (3.5) and (3.6).
Let n ≥ 4. Let RV (n) denote the defining relations (3.1) and (3.2) of V Pn. By
applying the doubling homomorphism st : V Pn → V Pn+1 to R
V (n) , we have the
following equations
st(λij)st(λkl) = st(λkl)st(λij), (3.7)
st(λki)st(λkj)st(λij) = st(λij)st(λkj)st(λki) (3.8)
in V Pn+1 for 1 ≤ i, j, k, l ≤ n with distinct letters standing for distinct indices, which
is denoted as st(R
V (n)).
Theorem 3.3. [5] Let n ≥ 4. Consider V Pn as a subgroup of V Pn+1 by adding a
trivial strand in the end. Then
RV (n) ∪
n−1⋃
i=0
si(R
V (n))
gives the full set of the defining relations for V Pn+1. 
A significance of this theorem is that the group structure of V Pn with n ≥ 5 is
determined by V P3, V P4 and virtual cablings given by iterated degeneracy operations
sjtsjt−1 · · · sj1 on the generators and defining relations.
4. Applications to the theory of virtual Brunnian braids
In the theory of classical braids, a Brunnian braid means a pure braid that becomes
trivial after removing any one of its strands. A typical example of a 3-strand Brunnian
braid on a disk is the braid given by the expression (σ−11 σ2)
3, where σ1 and σ2 are the
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standard generators of the 3-strand braid group 〈σ1, σ2 | σ1σ2σ1 = σ2σ1σ2〉. A classi-
cal question proposed by G. S. Makanin [21] in 1980 is to determine a set of genera-
tors for Brunnian braids over the disk. Brunnian braids were called smooth braids by
Makanin. This question was answered by D. L. Johnson [13] and G. G. Gurzo [12]. A
different approach to this question can be found in [18, 29]. In the 1970s, H. W. Levin-
son [16, 17] defined a notion of k-decomposable braid. It means a braid which becomes
trivial after removal of any arbitrary k strings. In his terminology a decomposable
braid means 1-decomposable and therefore, Brunnian.
A connection between Brunnian braids and the homotopy groups of spheres was
given in [6]. In particular, the following exact sequence
1→ Brunn+1(S
2)→ Brunn(D
2)→ Brunn(S
2)→ pin−1(S
2)→ 1 (4.1)
was proved for n > 4.
In her book [9, Question 23, p. 219], Birman asked how to determine a free basis
for Brunn(D
2) ∩ Rn−1 where
Rn−1 = Ker(Bn(D
2)→ Bn(S
2)).
Her motivation was that the kernel of the Gassner representation is a subgroup of
Brunn(D
2) ∩Rn−1. From the exact sequence (4.1) it follows that Birman’s question,
for n > 5, is about a free basis of Brunnian braids over the sphere S2. As far as we
know this question remains open.
In the theory of virtual braids, we call an n-strand virtual pure braid Brunnian if it
becomes trivial after removing any one of its strands. Let BrunVn denote the group of
n-strand virtual Brunnian braids. Let Brunn ≤ Pn be the group of n-strand classical
Brunnian braids. For a subgroup H ≤ V Pn, we call a braid β is virtual Brunnian in
H if β ∈ H ∩ BrunVn , and classical Brunnian in H if β ∈ H ∩ Brunn.
A natural and fundamental question in the theory of Brunnian braids is how to
determine virtual or classical Brunnian braids in a given subgroup H . This question
is a generalization of Birman’s question [9, Question 23, p. 219]. The constraint
subgroups H considered in this article are Tn−1 and Tˇn−1, namely the subgroups
generated by n-strand braids cabled from 2-strand virtual and classical braids, re-
spectively. Theorems 2.3 and 2.4 admit applications in these cases.
The Moore boundaries Bn−1(T∗) is understandable in the following sense. Since T∗
is a simplicial quotient group of F [S1∨S1], the simplicial epimorphism F [S1∨S1]→
T∗ induces an epimorphism
Bn−1(F [S
1 ∨ S1])։ Bn−1(T∗).
An explicit construction of a generating set for Bn−1(F [S
1 ∨ S1]) given in [29] gives
a generating set for Bn−1(T∗). More precisely, let
y1 = a
−1
1,n−1 y2 = a1,n−1a
−1
2,n−2 y3 = a2,n−2a
−1
3,n−3 · · · yn−1 = an−2,2a
−1
n−1,1 yn = an−1,1,
z1 = b
−1
1,n−1 z2 = b1,n−1b
−1
2,n−2 z3 = b2,n−2b
−1
3,n−3 · · · zn−1 = bn−2,2b
−1
n−1,1 zn = bn−1,1
(4.2)
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be elements in Tn−1 ≤ V Pn. Let Ri = 〈〈yi, zi〉〉
Tn−1 be the normal closure of yi and
zi in Tn−1 for 1 ≤ i ≤ n. Let
[R1, R2, . . . , Rn]S =
∏
σ∈Σn
[[[Rσ(1), Rσ(2)], Rσ(3)], . . . , Rσ(n)]
be the symmetric commutator subgroup of the subgroups R1, R2, . . . , Rn. Then,
by [29, Theorem 4.4] and [18, Theorem 1.1], the Moore boundaries
Bn−1(T∗) = [R1, R2, . . . , Rn]S. (4.3)
Theorem 2.3 can be reformulated as
[R1, R2, . . . , Rn]S E Tn−1 ∩ Brun
V
n
with cokernel given by pin(S
3) for n ≥ 3. The braided interpretation is that the
homotopy group pin(S
3) measures the virtual Brunnian braids in Tn−1 away from the
symmetric commutator subgroup [R1, R2, . . . , Rn]S. This interpretation extends the
main result in [10] on classical Brunnian braids to virtual Brunnian braids.
The Moore boundaries Bn−1(Tˇ∗) can be described as a symmetric commutator
subgroup by the same reasons. For describing it as a subgroup of V Pn, let
c1,1 = a
−1
1,1b
−1
1,1 = σ1ρ1ρ1σ1 = σ
2
1
and
ck,n−k = sn−2sn−3 · · · sksˆk−1sk−2 · · · s0c1,1 (4.4)
for 1 ≤ k ≤ n− 1 with n ≥ 3. Let
wk = ck−1,n−k+1c
−1
k,n−k (4.5)
for 1 ≤ k ≤ n, where c0,n = cn,0 = 1. Let Rˇk = 〈〈wk〉〉
Tˇn−1 be the normal closure of
wk in Tˇn−1. Then, by [29, Theorem 4.4] and [18, Theorem 1.1], the Moore boundaries
Bn−1(Tˇ∗) = [Rˇ1, Rˇ2, . . . , Rˇn]S. (4.6)
Theorem 2.3 together with Theorem 2.4, we have the following theorem in the
theory of Brunnian braids.
Theorem 4.1. [4]
(1). Exponent Property. Let β ∈ Tn−1 ∩Brun
V
n be a virtual Brunnian braid in
Tn−1 with n ≥ 4. Then there exists an odd integer k given as a product of
distinct prime integers such that
β4k ∈ [R1, R2, . . . , Rn]S.
(2). Non-triviality Property. [R1, R2, . . . , Rn]S is a proper normal subgroup
of Tn−1 ∩ Brun
V
n for n ≥ 2.
(3). Decomposition Property. Let β ∈ Tn−1 ∩ Brun
V
n be a virtual Brunnian
braid in Tn−1 with n ≥ 3. Then there exists a classical Brunnian braid β˜ in
Tˇn−1 (that is β˜ ∈ Tˇn−1 ∩ Brunn) and γ ∈ [R1, R2, . . . , Rn]S such that
β = β˜ · γ.
HOMOTOPY ASPECTS OF VIRTUAL BRAIDS 11
Moreover, if
β˜1γ1 = β˜2γ2
with β˜1, β˜2 ∈ Tˇn−1 ∩ Brunn and γ1, γ2 ∈ [R1, R2, . . . , Rn]S, then there exists
δ ∈ [Rˇ1, Rˇ2, . . . , Rˇn]S such that
β˜2 = β˜1 · δ and γ2 = δ
−1γ1.

The exponent and non-triviality properties are interpretations of the deep theorems
on the exponents and non-triviality of the homotopy groups of S3 into the content
of virtual braids. It seems hard to have a direct proof of the exponent property
using current techniques in the theory of braids. The geometric exploration on the
exponent property of virtual Brunnian braids might give new insight in the topic.
The decomposition property follows from analysing the homotopy behalves of the
simplicial embedding AP∗ → VAP∗. A significance of the decomposition prop-
erty is that the study on virtual Brunnian braids in Tn−1 can be reduced to the
study on classical Brunnian braids in Tˇn−1 and the symmetric commutator subgroup
[R1, R2, . . . , Rn]S.
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